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Find the curvature and torsion of the curve 7 = C{0), explaining your answers 


[3] 


Question 7 

A surface M is parametrized by the mapping 

x(u,u)= u,veK. 

(a) Find the partial velocities for this parametrization. [2] 

(b) Show that the point p = (1,3,3) lies in M and that the tangent vector 

Vp = (5,1.16)(l,3,3) 

is tangent to M at p. [5] 

A mapping F : M —^ M is defined by F(x(u, u)) = x(2t;, 3u). 

(c) Find F*(xu(u,-t;}) and F«(x^(u,u)). Give your answers in terms of Xu(ui,ui) 
and Xt,(ui,ui) at a suitable point x(ui, ui) of M. Give ui and vi explicitly in 

terms of u and v. [3] 

The 1-form 4) is defined on M as follows. 

4>{xu{u,v)) = u, 0(x,(u,t;)) = u. 

(d) Evaluate (F*(^)(xu(u,u)) and (F*^)(xv(u,u)), giving your answers in terms 

of u and v. Hence evaluate (F*0)(vp), where Vp is as defined in part (b). [3] 


Question 8 

A surface M is parametrized by the mapping 

x(u,u) = (tan u cosu, tan usin u, u) , € R, 0 < u < 7r/2. 

(a) For this parametrization, calculate the following. ' 


(i) E, F and G. [2] 

(ii) A unit normal vector field U on M. [2] 

(iii) /, m and n. [2] 

(iv) The Gaussian curvature function K and the mean curvature function H 

ofM. [2] 

(v) The principal curvatures ki and ki of M. [2] 


(b) Does M possess any umbilic points? Justify your answer briefy by reference 
to your results from part (a) of this question. 
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Question 11 

The unit-speed curve a has Frenet apparatus T, k> N, B and r. The surface 

M is defined by the single patch 
x(u, u) = a(u) -f vN{u), 

X is a proper patch. 

(a) Find a unit normal vector field on M, expressing your answer in terms of the 
Frenet apparatus of a and the parameters u and v. 

(b) By calculating the functions E, F, G, I, m and n for M, or otherwise, show 
that the Gaussian curvature is non-positive everywhere on M. 

(c) For the special case in which a is a circular helix, show that M is minimal. 

Question 12 

Let M be the helicoid parametrized by the mapping 
x(«,«,) = (ucosv,usm«,v) 

and let N be the unit sphere parametrized by the mapping 
y(u, v) = (cos ti cos t;, cos u sin o, sin u). 

The mapping G : M —>■ N is defined by 

G(x(«,.)) = y(tan-'t.,«-V2). 

(a) Show that 


(1 + 

defines a unit normal vector field or 


(c) Calculate 

G*(x^(u,i;)) and G*(x„(u, t;)). 


r combinations of yo(ui, t^i) and y„(wi, for 


The area 2-form r? on M is defined by 


^(vp,Wp) = VpXWp-[/(u,r;), 

where p = x(u,t;). 

The area 2-form C on A'" is defined by 


C(vp,Wp)=VpXWp.l/(t<.n). 

where p = y(u, v). 

(d) By evaluating both G*C and r) on the pair 
(x„(n,t)),x„(ii,«)). 
or otherwise, show that 


(e) Write down the Gaussian curvature function K of M. 


[3] 


[7] 

m 
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The solutions that follow are, in some cases, slightly longer than is strictly necessary 
for completeness. Where this is the case the comments indicate possible places 
where the solution might be shortened. 

As a general rule, minor slips or errors are penalized i mark and then followed 
through. If an error makes the rest of a question substantially easier, then the test 
will be followed through for a maximum of about half the available marks. 

PART I 
^^^uestioii 1 

o'(<) = (cosht + tsinht,sinht +tcosh(,3i^)a(i). 

At / = 0, o'(0) = (1,0,0)(o,o,i). so the speed is 

l|a'(0)|| = VI+ 0 + 0 = 1. 


Question 2 




A 


3^d.+ ^dy+- 
= (2x - 2y) dx + (-2a;) dy + (2z) dz 
= (2x-2y)dx~2xdy + 2zdz. 
ve use V[f] = df(V). 

V[f] = ((2x- 2y) dx ~2xdy+ 2z dz)(yUi +XU2- zUi) 

= (2x - 2y) dx{yUi + xUi - zUs) - 2x dy(yUi + XU2 - zUa) 
+ 2z dz(yUi + XU2 - zUz) (linearity) 

= {2x - 2y){y + 0 + 0) - 2a:(0 +1 - 0) + 2z(0 + 0 - z) 
(linearity and dxi(Uj) = 6ij) 

= 2xy - 2y^ - 2x^ - 2z'^ = 2(xy - y‘‘- - z^). 


(b) We use linearity and the fact that differentiation with respect to the natural 
frame field corresponds to partial differentiation. 

VvV - V(j,u,+tu^-zU3)(!/Ui + xC/i - zUz) 

= y^vAyVi + xU2 - zVs) + xVvAvUi + xV2 - zUs) 

~ + XU2 - zUa) (linearity) 

= y{o + c/2 + 0) + x{Ui + 0 + 0) - 2(0 + 0 - C/3) 

= yUa + xUi + zUs = xUi + yUz + 2C/3. 


The velocity is a tangent vector, so 
the point of application is needed. 


The mark would be given if the 
strategy is clear from the working. 


First half mark is for method, 

be omitted, providing that the 
structure is shown clearly, as in the 


Linearity and the action of dx etc. 
on the Ui should be clearly visible in 
the answer, even if not explicitly 
commented on. 
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Question 3 

(a) We find the differentials of the coefficient functions. 

d<}) = d{y) Adx — d{z) Ady-\- d{x^) A dz 
= dydx — dz dy + 2x dx dz 

~ -dxdy-\-dydz + 2xdxdz (alternation). 1,1 Marks for method and final result. 

The method marks would be given 

(b) We apply linearity and provided the working is clear. 

dx dy{vp, Wp) = dx{vp)dy{wp) — dx(wp)dy(vp), 
etc. Thus 

»7(Vp,Wp) = (a:da;(/y+ yd3:dir)(vp,Wp) 

= x{p)dx dy(vp, Wp) + y(p)da: d2(vp. Wp) 

= x{p){dxivp)dy{wp) - dx{wp)dy{vp)) 

+ !/(p)(<i^{Vp)d^(wp) - dx{^p)dz{Yp)) 


= 9 + 1 + 2(6 - 2) 

(c) The technique uses ‘repeats are zero’ and the alternation rule. 

(f)Ar}—{ydx- z dy-i-dz) A {x dx dyydx dz)) 

= yx dx dx dy — zx dy dx dy + x^ dz dx dy 

+ y^ dx dx dz — zy dy dx dz + x^ydz dx dz 
= 0 - 0 + a:® di dx dy + 0 - zy dy dx dz + 0 
= —x^ dx dz dy + zy dx dy dz 
= dx dy dz + zy dx dy dz 
= (x^ + zy)dxdydz. 


2 One and a half for clearly vbible 
method and correct working, last 


2 Same distribution as for ptev 


Question 4 

(a) The Jacobian matrices ar 


{GoF), = G4F)F.= 


i)(l 



(c) Regularity requires G. to be one-one. Since the matrix is square, we can use 

the determinant. 1 li 

det(G,):=y(2z-0)=r2yz. 

Thus, G is not regular everywhere. It fails to be regular where y = 0 (the 
xz-plane) and where z = 0 (the xy-plane). 


Main point to watch for is not 
writing down the transpose of the 


Composite rule, 1 for accurate 


First half is for a bald answer. Rest 
for justification and working. 




Question 5 

(a) One of the few items from the course that needs learning. 

T = a', K= IIT'II, N = r/K, B=TxN, t=~B' -N. 

(b) Frenet formulas are: 

N' = -kT+ tB, 

B' = -tN. 

(c) We have 

n'(t) = ((l/V5)cos((/V2),-{l/v/2)sin(t/\/2),l/^)^^_^. 

= (l/2)(cos2t+ sin^t) + (l/2) = 1. 

Thus a is unit speed. 

T = a'{t) = {(l/V2)cos(i/V2), -(1/V2)sin(t/V2), 1/^) ; 
r = (-{l/2)sin(i/V2).-(l/2)cos(t/v/5),0) , 

« = IIT'II = 1/2; 

^ JV = T'/k = (-sin(t/V2),-cos(t/v^),0) ; 

B = TxN= ((l/V2)cos(t/V2),-(l/V2)sin(t/\^), -(l/v'S)) ; 
B' = (-(l/2)sin((/v^),-(l/2)cos(i/V2),0) , 
r = -B' ■ N = -((l/2)(sin^i + cos*()) 

= -(1/2). 


j off for each error 




Marking as in previous part. Matrix 
acceptable. 


There are 10 important steps in the 
calculations. The above is quite 
sufficient, since the use of Frenet is 


Question 6 

An orthogonal matrix defines an isometry. 

Hence, the curvature of 7 is the same as the curvature of a, that is «. 

Toi-sion of 7 = sgn C x r. 

We can find sgn C from the determinant. 

det(C') = -(4/5)(3/5 - 0) + (3/5)(0 - (-4/5)) = -1, 

^^the torsion of 7 is —r. 



Question 7 

(a) We have 

Xu(«. 'i) = (1.1- 

x„(u,v) = (l,-l,-2ti). 

(b) We require 

x(u, v) = (u + u, u — V, + v^) = (1,3,3). 

The only possibility is u + u = 1 and u - t) = 3. Thus ti = 2, u = -1 and 


At p 


Omitting the parameters on the left 
very unwise in the rest of the 




Xu(2,-1) = (1,1,4), 

x„(2,-l) = (l,-1.2). 

Since Vp = 3x„(2, -1) + 2x„(2, -1) it is tangent to M at p. 
(c) Apply the chain rule. Let iii = 2r’, vi = 3u. 

F.(x„(u,tO) = 


combination of the partial velocities 
The explicit definitions of and m 




F.(x„(u,t))) = —F(x(u,v)) 


(d) Apply the definition. 

(F‘<I>)(k^{u,v)) = 4‘(F.Mu.v))) 

= 0(3x„(ui,ui)) (from above) 
= 3(^(x,(ui,t)i)) (linearity) 


Similarly 

(F»(x„(u,r))) = <^{F,(x„(u,t)))) 

= d>(2x„(ui,vi)) (from above) 
= 20(x„(ui,ui)) (linearity) 


Using linearity, 

(F»(vp) = (F'</,)(3x„(2,-l) + 2x,{2,-l)) 

= 3(F»(x„(2, -1)) + 2(FV)(x„(2, -1)) 
= 3x9x2 + 2x4x(-l) 

= 54 - 8 = 46. 


3 I each for new parameters, explicit 
use of chain rule (make sure that the 
form of your answer shows that you 
know it), each calculation and each 


1 Either the reasons should appear 
explicitly or the layout should make 
them clear. 


j Provided ‘similarly’ appears, this 
could be much briefer. 


1 j I for use of linearity, correct 






Comment 

Both above and in PART II below much of the commentary could well be omitted 
provided that the layout and form of your calculations make it clear what you are 
doing. For example, you should not omit zero terms initially in a calculation based 
on the 2-variable chain rule. 

If time permits, a few words do help the readability of a solution, even in the case 
of an entirely computational question. 

PART II 
Question 9 

(a) When the phrase ‘by ...or otherwise’ appears it is usually wise to do the 
question by the suggested method! 

(i) We have, differentiating a' = vT, 
a" = u'r-(-uT' (Leibniz) 

= v'T + v{kvN) (Frenet). 

oc' x a" = vTx{v'T-^kv'^N) 

^ v'T xT kv'^T X N 


(ii) 


Differentiating again 

a'" = v"T + v'T + (kv’^YN + {kv‘‘)N' 

= v" + v'(kvN) + (kv^YN + {kv^){-kvT + tvB). 

Since we require the dot product of this with a' x a", which is a multiple 
of B, there is no point in further simplification. 

a‘ X a" ■ a" = 0 + 0 + 0 + ( ku ®)( kw ^)( to ) 

= T(KV^f. 


(b) We can apply the results above to a. We only need the values of the derivatives 

o'(f) = (-2sinf,cos<,l), 

£»"(<) = (-2cosf,-sinf,0), 
a"'(f) = (2sin<,-cos(,0). 

<^'(0) = (0,1,1), 
a"(0) = (-2,0,0), 
o"'(0) = (0,-l,0). 

So 


(a'xa".o"'){0) = 2. 

Thus 

u(0) = l|o'(0)|| = A 
(ku3B)(0) = (0 ,-2,2), 

(T(Kt,^)^)(0) = 2. 

Taking the modulus of the third equation givei 
(ku=>)( 0) = 2A 




2^/2 

2 V 2 


be constant, thus the term with 
must be shown. 


Errors are penalized j and followed 
through. 
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B(0) = ^(0.-2,2)=^(0,-1,1). 

Next we calculate N from B xT = N. 

N(0) = B(0) X T(0) 

= |(-2,0,0) 

= (-1,0,0). 

Finally, we have t(k!i^)- = 2, at < = 0, so 

= ((«u^)^)(0) 

2 2^1 
(2\^)2 “ 8 “ 4' 

(c) The given information is enough to ensure that the requested isometry does 
exist. Because the sign of t is reversed in we must map B(0) to -Sp(0). 
Thus we must map the frame with attitude matrix 


Using the formula C = ‘BA, or working from first principles, w 

7^ 


_ i_ _ 

^/2 v/2/ 


C(a(0)) = (-1.1,1). 

and the translation must take this to /?(0) = (0,0,0), we have 

T=(,+ I,y-I,z-I). 


There are 12 essential steps in the 
above, scoring j each. 


sure to use C(a(0}), not a(^fn'the 




Question 10 

(a) We have 

x„ = (-r sin « cos.,-r sin,, sin..r COSH) 

= .(- sin „ cos - sin u sin .. cos u), 

X. = (-(R + r cos h) sin (iS + r cos .) cos., 0) 

= (R + rcosH)(-sin.,cos.,0). 

Since l|x„|| = r and ||x„|| = {R+ rcosu), we have 

S'! = {—sin w cosu, — sin w sin u, COS u) and £'2 = (—sin u, cos t;, 0). 

We have normalized but also need to check £1 • £0 = 0-1 for partial velocities, 3 

H for normalizing, ^ for checking orthogonality. 

(b) Since £1 and £2 are a tangent frame field, we can take 

£ = £1 X £2 

(c) Since it is easy to find S(Xu) as —dU/du, etc. we work in terms of the partial 
velocities. 

R(£,) = S(^) 

= -S(Xi,) (linearity) 

- 

“ r St, 

= —i(sinucos.,sint,sin., —cosu) 

Similarly, 

1 dU 

R-^rcosudv 


application of linearity etc. 2 are for 

Latrix^ There is^no dang« oil 
transpc^tion here but do recall that 




(d) From the above, we have 
K = det(S) 

r{R + r cos u)' 
H = |trace(S) 

— ^ + 2r cos u 


2r{R-\- rcosw)’ 



(e) Suppose u = aEi + bE2 points in an asymptotic direction. Then S(u) ■ u = 0. 

5(u) = 5(a£i + 6 ^ 2 ) 

= a5(£^i) + 65(£’2) 

5(u). u = ■ (aEi + tfJj) 


r R + r cos u' 

This can only have solutions for a and 6 if the terms are different signs which 
requires cosu < 0. 


For u = TT, we have u asymptotic if 



The easiest solutions to this give the asymptotic directions as 


(a) We use the partial velocities to construct the unit normal vector field U on M. 
Xu(u, v) = a'(u) + vN'(ti) 

= T(u) + t;(-Kr(u) + rS(u)) (Frenet) 

= (l-t;«)r(n) + rB(u), 

^ x„(u,n) = iV(n). 

Thus, dropping the parameter u for brevity, 

Xu X = (1 - vk)T xN + tB xN 


j off each error. Since Ei and E2 
are eigenvectors of S, the principal 


O’NeiU, that asymptotic directions 
exist at points where K < 0. The 
end of the argument is the same. 


If you quoted O’Neill above, there 
would be more calculation in this 
part and the mark distribution 
would be 1 + 3 rather than 2 + 2. 


We ate using dashes to denote 
differentiation with respect to u. 


We have 


= -7T+(1 -vk)B. 


= 17, - ' 1 . ,'1/2 (-’^+ (1 - . 








(TT^' 



Equally, 


i)(x„(u, t)),x„(u,t))) = x„(u,u) X x„(u,u) ■ U{u,v) 

= (cos u, sin ti, 0) X (-« sin u, u cos!), 1) • U{u, v) 
= (sin u, - cos V, u)-U(u,v) 


Comparing results we see that 
G*C(x„,x„) = 

Since the partial velocities are a basis for the tangent space at each point of 
M, the result follows. 

(e) We can say directly that, because G above is the Gauss map, 


12 X I for each of the main steps. 




Question 13 

(a) Since F = Xu • = 0, the partial velocities are orthogonal, so the frame will 

be in the directions of the partial velocities. 

(b) We must show that Qi{Ej) = fijj. 

- ^ 1 +»" _ 


omission of the significance of /■ = 0. 


1 for method, j each for checking 
each 1-form. 






